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We investigate the bifuration asades of a linear librational orbit in a generalized
lass of Henon-Heiles potentials. The stability traes of the new orbits born at its
bifurations are found numerially to interset linearly at the saddle energy (e = 1),
forming what we term the Henon-Heiles fans. In the limit lose to the saddle
energy (e→ 1), where the dynamis is nearly haoti, we derive analytial asymptoti
expressions for the stability traes of both types of orbits and onrm the numerially
determined properties of the generalized Henon-Heiles fans. As a bonus of our
results, we obtain analytial approximations for the bifuration energies en whih
beome asymptotially exat for en → 1.
PACS numbers: 05.45.-a
I. INTRODUCTION
The approximation of the exat density of states of a quantum system in terms of lassial
periodi orbits via semilassial trae formulae is a fasinating subjet whih has triggered a lot
of researh (see [1, 2℄ and the literature quoted therein). It presents a nie illustration of the
orrespondene between lassial and quantum mehanis, besides allowing one to approximately
determine quantum shell strutures in terms of lassial mehanis (see [2℄ for appliations in
various elds of physis). In Hamiltonian systems whih are lassially neither regular nor purely
haoti, this semilassial theory is enrihed  but also ompliated  by the many faets of non-
linear dynamis. One of them is the bifuration of periodi orbits when they undergo hanges of
stability [3℄.
An essential ingredient to determine the stability of a periodi orbit is its so-alled stability
∗
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2matrix M⊥, appearing in the amplitudes of Gutzwiller's trae formula [4℄, whih is determined
from the linearized equations of motion around the periodi orbit. The analytial alulation of
M⊥ for non-integrable systems with mixed dynamis is in general not possible; the only non-trivial
example is, to our knowledge, that of a two-dimensional quarti osillator [5℄.
In this paper we investigate the stability matrix M⊥ of the simplest orbit in a lass of two-
dimensional potentials whih are a generalization of the famous Henon-Heiles (HH) potential [6℄
that has beome a text-book example of a system with mixed lassial dynamis. For small
energies the motion is dominated by a harmoni-osillator part and is quasi-regular; at energies
lose to and above the saddles (e = 1), over whih a partile an esape, the motion is quasi-
haoti (see, e.g., [1, 2, 6, 7℄ and the literature quoted therein). At all energies below the saddle,
there exists a straight-line librating orbit A osillating towards one of the saddles. This orbit
undergoes an innite sequene of stability osillations and hene a asade of bifurations, whih
an be understood as the main mehanism of the transition from regular motion to haos [810℄.
The stability traes of the new orbits R and L generated at the bifurations are found numerially
[9℄ to interset linearly at the saddle energy (e = 1), forming what was termed the Henon-Heiles
fans [11℄.
In the present paper we present analytial alulations of the stability traes of both the A
orbit and the new orbits R and L bifurating from it. The results are obtained in the limit lose
to the saddle (e→ 1) and hene asymptotially valid as the bifuration energies en approah the
saddle energy e = 1. They onrm analytially the numerial properties of the Henon-Heiles
fans also in the generalized HH potential. As a bonus, we obtain analytial expressions for the
bifuration energies en, whih are mathematially valid asymptotially for en → 1, i.e., for n→∞,
and pratially for n ≥ 7 within 5 digits.
In Se. II we present the generalized Henon-Heiles system and disuss its shortest orbits, the
bifuration asade of the linear A orbit and, in partiular, the properties of the Henon-Heiles
fans. In Se. III we present the basi ideas of our analytial approah and the essential results,
while the tehnial details of our alulations are given in the Appendies A and B. In Se. IV we
present an alternative perturbative approah for evaluating the stability traes, with the details
given in Appendix C, and ompare its results with those of the non-perturbative alulations.
3II. BIFURCATION CASCADES IN THE H

ENON-HEILES SYSTEM
A. The generalized Henon-Heiles Hamiltonian
In this paper we investigate the following family of Hamiltonians:
HGHH =
1
2
(p2x + p
2
y) +
1
2
(x2 + y2) + α
[
−1
3
y3 + γ x2 y
]
, (1)
where γ ≥ 0 is a parameter speifying spei members of the family, and α > 0 is a haotiity
parameter that an be saled away with the energy as shown below. For γ = 1, the Hamiltonian
(1) redues to the standard Henon-Heiles (HH) Hamiltonian [6℄; we therefore all (1) here the
generalized Henon-Heiles (GHH) Hamiltonian. The HH system with γ = 1 has C3v symmetry:
it is invariant under rotations around the origin by 2π/3 and 4π/3, and under reetions at three
symmetry lines with the angles ±π/6 and π/2 with respet to the x axis. It exhibits three saddles
at energy Esad = 1/6α
2
, the equipotential lines at E = Esad forming an equilateral triangle. For
γ 6= 1, the C3v symmetry is lost and only the reetion symmetry at the y axis remains; there
are, however, still three saddles over whih the partile an esape. For γ = 0 the system beomes
separable and has only one saddle on the y axis (f. [12, 13℄).
After multiplying the Hamiltonian (1) by a fator 6α2 and introduing the saled variables
x′, y′, e by
x′ = αx , y′ = αy , e = 6α2E = E/Esad , (2)
the saled Hamiltonian beomes independent of α, and for a given γ there is only one parameter
e that regulates the lassial dynamis. For simpliity of notation, we omit in the following the
primes of the saled oordinates x, y but keep using the saled energy e.
For γ = 1, the three saddles are at the saled energy e = 1; one of them is positioned at x = 0,
y = 1. For γ 6= 1, the saddle with energy e = 1 persists at the same position, while the two
other saddles lie at dierent energies and are positioned symmetrially to the y axis. For a more
detailed desription of the topology of the potential (1) (and an even larger lass of generalized
HH potentials) and its shortest periodi orbits, we refer to a forthoming publiation [14℄.
The shortest periodi orbits of the standard HH system (γ = 1) have been extensively disussed
in the literature [810, 15℄, and their use in semilassial trae formulae for the quantum density
of state of the HH system was investigated in [12, 1618℄.
4B. The motion along the A orbit
As mentioned above, we use heneforth the symbols x, y for the saled oordinates (orre-
sponding to α = 1), along with the saled energy e given in (2). The equations of motion for the
Hamiltonian (1) are then
x¨(t) + [1 + 2γ y(t)] x(t) = 0 , (3)
y¨(t) + y(t)− y2(t) + γ x2(t) = 0 . (4)
In the present work we fous on the linear orbit that librates along the y axis, here alled the A
orbit. It goes through the origin (x, y) = (0, 0) and towards the saddle at (x, y) = (0, 1) whih
it, however, only reahes asymptotially for e → 1 with a period TA → ∞. Sine this orbit has
xA(t) = x˙A(t) = 0 at all times t, its equation of motion is
y¨A(t) + yA(t)− y2A(t) = 0 , (5)
whih an be solved analytially [12℄. We give here the result in the most general form, relevant
for our following development, where the initial point along the y axis is given as y0 = yA(t = 0).
The solution is then:
yA(t) = y1 + (y2 − y1) sn2(z, κ) , (6)
z = aκt+ F (ϕ, κ) . (7)
Here sn(z, κ) is a Jaobi ellipti funtion [19℄ with argument z; its modulus κ and the onstant aκ
are given by
κ =
√
y2 − y1
y3 − y1 , aκ =
√
(y3 − y1)/6 , (8)
in terms of the three real solutions of the equation e = 3 y2 − 2 y3 ≤ 1 given by
y1 = 1/2− cos(π/3− φ/3) , y2 = 1/2− cos(π/3 + φ/3) , y3 = 1/2 + cos(φ/3) , (9)
with cosφ = 1 − 2 e. The funtion F (ϕ, κ) in (6) is the inomplete ellipti integral of rst kind
with modulus κ, the argument ϕ being determined by the initial ondition:
ϕ = arcsin
√
y0 − y1
y2 − y1 . (10)
y1 and y2 are the lower and upper turning points, respetively, of the A orbit along the y axis.
The period and the ation of the (primitive) A orbit are given by
TA(e) =
2
aκ
K(κ) , SA(e) =
12 aκ
5α2
[E(κ) + cκK(κ)] , (11)
5with cκ = −2(y3 − y2)(2 y3 − y2 − y1)/9, in terms of the omplete ellipti integrals of rst and
seond kind, K(κ) and E(κ) (we use the notation of [19℄).
Note that in the limit e→ 1, we have y2 → 1, y3 → 1 and κ→ 1, so that K(κ) and TA diverge
(while SA remains nite). The A orbit then is no longer periodi (and may be alled a homolini
orbit [3℄). Expanding TA around e = 1, one nds the asymptoti form [9℄
TA(e) ≈ T˜A(e) = ln
(
432
1− e
)
. (e→ 1) (12)
C. The bifuration asade of the A orbit in the standard HH potential
While approahing the saddle as e→ 1, the A orbit undergoes an innite asade of pithfork
bifurations, giving birth to a sequene of new orbits R5, L6, R7, L8, . . . . This senario, whih
has some similarities to the Feigenbaum senario [20℄, was disussed extensively in [9℄, and the
analytial forms of the newborn R and L orbits in terms of periodi Lame funtions were disussed
in [10℄.
In Fig. 1 we show the traes of the stability matrix M⊥, dened in (14) below, of the A orbit
and the orbits bifurated from it, plotted versus energy e. Whenever trM⊥ = 2, a bifuration
ours. We see the suessive bifurations at inreasing energies en; upon repeated zooming the
upper end of the energy sale near e = 1 (from bottom to top), the pattern repeats itself in a self-
similar manner. The bifuration energies en form a geometrially progressing series (see [9, 10℄ for
details). umulating at the saddle energy (e = 1) suh that e5(R5) < e6(L6) < e7(R7) < · · · < 1,
where the parentheses ontain the names of the new orbits born at the pithfork bifurations.
These are alternatively of R type (rotations) and of L type (librations). (The subsripts in the
orbit names indiate the Maslov indies appearing in the semilassial trae formulae; the index
of the A orbit inreases by one unit at eah bifuration.) Due to the disrete symmetries of the
system, all these pithfork bifurations are isohronous and hene not generi (f. [14℄).
In Fig. 2, we show again trM⊥  in the following briey termed the stability traes  of the
same orbits, but this time plotted versus their respetive periods T . On this sale, trM⊥A(TA)
(shown by the heavy line) is numerially found [8℄ for large TA to go like a sine funtion; its period
∆T = 3.6276 was shown in [9℄ to be given analytially by ∆T = 2π/
√
3. The exat alulation
of the funtion trM⊥A(TA) is, however, not trivial at all. It is one of the objets of our present
investigations (see Se. III B).
6D. The Henon-Heiles fans
An interesting property of the stability traes of the R and L orbits born at the bifurations,
whih has been observed numerially [9℄ and termed the Henon-Heiles fan struture [11℄, is
emphasized in Fig. 3. Here we plot the stability traes of the primitive A orbit and the rst three
primitive pairs of R and L orbits versus the saled energy e. We note two prominent features
(whih an also be reognized in Fig. 1):
(i) The funtions trM⊥R,L(e) are approximately linear up to (and even beyond) the barrier energy
e = 1.
(ii) The urves trM⊥R,L(e) interset at e = 1 in one point eah for all R and L type orbits with
Maslov indies > 8, positioned at the values 2 ± d with d = 6.183 ± 0.001, thus forming two
fans emanating from these points. The unertainty in the parameter d omes from the numerial
diulty of nding periodi orbits (whih was done using a Newton-Raphson iteration proedure)
lose to bifurations; our result for d was obtained for Rn and Ln′ orbits with 9 ≤ n, n′ ≤ 13,
evaluated at e = 1. The upper limit n = 13 is due to the numerial problems only; we expet that
the same value d = 6.183± 0.001 holds also for all higher n.
We found exatly the same types of HH fans for the generalized HH systems given by the
Hamiltonian (1) for the bifuration asade of the A orbit along the y axis, whereby the slopes of
the fans and hene the value of d depend on the parameter γ. The GHH fans an be desribed,
for large enough n, by the empirial formula
trM
(emp)
⊥R,L (e) = 2∓ cRL(γ)
(e− en)
(1− en) , (e ≥ en) (13)
where the negative and positive sign belongs to the R and L type orbits, respetively. At e = 1
the urves trM⊥R,L(e) interset linearly at the two values trM⊥R,L(1) = 2 ∓ cRL(γ), so that the
parameter d given above for the standard HH potential is d = cRL(1). The numerial values for
cRL(γ) are shown by rosses in Fig. 5 below.
The main goal of our paper is to nd analytial support for these numerial ndings. In Se.
III we will, indeed, onrm the empirial formula (13) analytially in the asymptoti limit e→ 1.
III. ASYMPTOTIC EVALUATION OF STABILITY TRACES
In this setion we derive analyti expressions for trM⊥(e) of the A, R and L orbits in the GHH
system, whih are valid in the asymptoti limit e→ 1, i.e., lose to the barrier. Before presenting
them in Se. III B and Se. III C, we reall the denitions of the stability matrix trM⊥ and of the
monodromy matrix M of whih it is a submatrix.
7A. Monodromy and stability matries
1. Stability matrix and the Hill equation
The analytial alulation of the stability matrixM⊥ of a periodi orbit in a non-integrable sys-
tem is in general a diult task. We reall that the stability matrix is obtained from a linearization
of the equations of motion and dened by
δξ⊥(T ) = M⊥ δξ⊥(0) , (14)
where δξ⊥(t) is the (2N − 2)-dimensional phase-spae vetor of innitesimally small variations
transverse to the given periodi orbit (N being the number of independent degrees of freedom),
and T is the period of the orbit. For N = 2 dimensional systems, we may hoose ξ⊥(t) = (q, p)
where q is the oordinate and p the anonial momentum transverse to the orbit in the plane of
its motion. (q, p) then form a natural anonial pair of Poinare variables, normalized suh that
(q, p) = (0, 0) is the xed point of the periodi orbit on the projeted Poinare surfae of setion
(PSS). For two-dimensional Hamiltonians of the form kineti + potential energy: H = T + V
(and partiles with mass m = 1, so that p = q˙), the Newtonian form of the linearized equation of
motion for q(t) beomes the Hill equation (see the text book [21℄ for an expliit disussion)
q¨(t) + Vqq(t) q(t) = 0 , (15)
where Vqq(t) is the seond partial derivative of the potential V with respet to q, taken along the
periodi orbit, and the two-dimensional stability matrix is given by q(T )
q˙(T )
 = M⊥
 q(0)
q˙(0)
 . (16)
For isolated periodi orbits, solutions of (15) with q(t) 6= 0 are in general not periodi. However,
when the orbit undergoes a bifuration, (15) has at least one periodi solution whih desribes
the transverse motion of the new orbit born at the bifuration; the riterion for the bifuration to
our is trM⊥ = +2 (f. [21℄).
For partiular systems, the Hill equation (15) may beome a dierential equation with known
periodi solutions. For the GHH systems under investigation here, the Hill equation for the A
orbit direted along the y axis is given by (3), with y(t) replaed by yA(t) in (6), and beomes the
Lame equation (see, e.g., [22℄) whose periodi solutions are the periodi Lame funtions (see [10℄
for the details). However, the elements ofM⊥ in (16) an in general not be found analytially. One
8of the rare exeptions is that of the oupled two-dimensional quarti osillator for whih Yoshida
[5℄ derived an analytial expression for trM⊥ as a funtion of the haotiity parameter (f. [23℄).
Magnus and Winkler [21℄ have given an iteration sheme for the omputation of trM⊥ for
periodi orbits in smooth Hamiltonians. We have tried their method for the A orbit in the HH
system, but we found [24℄ that its onvergene is too slow for omputing trM⊥A(e) with a suient
auray that would allow to dedue the properties of the HH fans. However, in the limit e→ 1,
it is possible to use an asymptoti expansion of the funtion sn appearing in yA(t) of (6), whih
allows us to ompute trM⊥A(e) analytially, as disussed in Se. III B.
2. Matrizant and monodromy matrix
For urved periodi orbits  suh as the R and L type orbits bifurating from the A orbit
in the GHH systems  whih usually an only be found numerially, the phase-spae variables
ξ⊥ transverse to the orbit used in the denition (14) of the stability matrix M⊥ annot be on-
struted analytially. Instead, one must in general use Cartesian oordinates and resort to the full
monodromy matrix M dened below. For N = 2, one rst linearizes the equations of motion to
nd the matrizant X(t) whih propagates small perturbations of the full phase-spae vetor ξ(t)
dened by
ξ(t) = {x(t), y(t), x˙(t), y˙(t)} (17)
from their initial values at t = 0 to a nite time t:
δξ(t) = X(t) δξ(0) . (18)
For a Hamiltonian of the form H(x, y, x˙, y˙) = 1
2
(x˙2 + y˙2) + V (x, y), the dierential equation for
X(t) is
d
dt
X(t) =
 0 I2
−U(t) 0
X(t) (19)
with the initial onditions
X(0) = I4 , (20)
where I2, I4 are the two- and four-dimensional unit matries and U(t) is the two-dimensional
Hessian matrix of the potential, taken along the periodi orbit (po):
Uij(t) =
∂2V
∂xi∂xj
{x(t), y(t)}po , (xi, xj = x, y) . (21)
Having solved (19), the monodromy matrix M of the given periodi orbit with period T is
dened by
M = X(T ) . (22)
9In an autonomous system, M has always two unit eigenvalues orresponding small initial variations
along the periodi orbit and transverse to the energy shell. After a transformation to an intrinsi
oordinate system, in whih one of the oordinates is always in the diretion r‖ (with momentum
p‖ = r˙‖) of the periodi orbit [4℄, M an be brought into the form
M =

M⊥ ...
0
 1 ...
0 1

 , (23)
where the dots denote arbitrary non-zero real numbers and M⊥ is the stability matrix. The
diagonal elements in the lower right blok of (23) then orrespond to
Mr‖r‖ = Mr˙‖r˙‖ = 1 . (24)
The transformation to suh an intrinsi oordinate system is quite non-trivial [25℄ and not
unique. For urved orbits it an in general only be found numerially and is therefore not suitable
for analytial alulations. For the urved R and L orbits of our system, we therefore have to
resort to the full monodromy matrix M (22) via the solution of (19). For the evaluation of their
stability traes, we only need the diagonal elements of M and an then use the obvious relation
trM⊥ = trM− 2.
B. Asymptoti evaluation of the stability trae trM⊥A(e) for e→ 1
In the limit e → 1, where the modulus κ dened in (8) goes to unity, we may approximate
yA(t) by the leading term in the expansion of the funtion sn(z, κ) around κ = 1 (see [19℄)
sn(z, κ) ≈ tanh(z) . (κ→ 1) (25)
Sine the funtion tanh(z) is not periodi, we have to approximate yA(t) in two portions. Taking
t2 as the time where the orbit passes through its maximum at y2, i.e.,
yA(t2) = y2 ⇐⇒ t2 = [K(κ)− F (ϕ, κ)]/aκ , (26)
we dene the asymptoti expression for the A orbit over one period by
y˜A(t) = Θ(t2 − t) Y1(t) + Θ(t− t2) Y2(t) , 0 ≤ t ≤ TA , (27)
where the funtions Y1(t) and Y2(t) are given by
Y1(t) = y1 + (y2 − y1) tanh2(z) , Y2(t) = y1 + (y2 − y1) tanh2(z − 2K(κ)) , (28)
10
with z given in (7). Although the funtion (27) is not analyti at t = t2, it sues to nd an
asymptoti expression for trM⊥A(e) valid for e→ 1.
The details of our alulation are given in Appendix A. The analytial asymptoti result for
trM⊥A (e) is given in (A26) in terms of assoiated Legendre funtions. In the limit e → 1, the
energy dependene of trM⊥A (e) goes only through the period TA(e):
trM⊥A (e) ≈ trM(as)⊥A (e) = trM(as)⊥A (TA(e), γ) , (e→ 1) (29)
where trM
(as)
⊥A (TA, γ) is a universal funtion given by
trM
(as)
⊥A (TA, γ) = +2 |F˜A(γ)| cos
[√
1 + 2γ TA − Φ˜A(γ)
]
. (30)
The phase funtion Φ˜A(γ) is dened through Eqs. (A28) and (A30), and the amplitude funtion
|F˜A(γ)| is given expliitly in (A31). We reall that γ is the potential parameter of the GHH
potential (1) is γ = 1 for the standard HH potential. For this ase, the result (30) beomes
trM
(as)
⊥A (TA, 1) = 2.68043976 cos(
√
3 TA + 1.56782696) , (31)
where the numerial onstants have been alulated for γ = 1. The period of the cos funtion
in (31) was orretly shown in [9℄ to be 2π/
√
3, but the phase Φ˜A(γ = 1) and the amplitude
2|F˜A(γ = 1)| were only obtained numerially. The asymptoti relation (29) had already been
observed numerially in [8, 9℄.
The result (31) is shown in Fig. 4 by the dotted line and ompared to the exat numerial result
from [9℄, shown by the solid line. We see that the agreement beomes nearly perfet for TA ∼> 10.5,
orresponding to e ∼> e6. The asymptoti result (29), (30) allows us to give analytial expressions
for the bifuration energies en in the asymptoti limit en → 1. The pithfork bifurations of the
A orbit our when trM⊥A = +2. We therefore dene approximate bifuration energies e
∗
n by
trM
(as)
⊥A (TA(e
∗
n), γ) = +2 . (32)
Using the asymptoti form of TA(e) in (12) and (30), we an give the solutions of (32) in the
following formulae
e∗2k−1 ≈ 1− 432 exp{−[Φ˜A(γ)− arccos(1/|F˜A(γ)|) + 2πk]/
√
1 + 2γ}, (R)
e∗2k ≈ 1− 432 exp{−[Φ˜A(γ) + arccos(1/|F˜A(γ)|) + 2πk]/
√
1 + 2γ}, (L) (33)
where k = 3, 4, 5, . . . , and the odd numbers n = 2k−1 refer to the R type and even n = 2k to the
L type bifurations, respetively. For e∗n suiently lose to 1, i.e., for large enough n the above
values should reprodue the numerially obtained exat values en.
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This is demonstrated for γ = 1 in Tab. I. In the seond olumn we give the resulting values
of e∗n with 5 ≤ n ≤ 16 for the standard HH system, and in the third olumn we reprodue their
numerial values en obtained in [10℄ as roots of the equation trM⊥A(en) = +2. As we see, the
asymptoti results e∗n approah the numerial values en very well already starting from n = 7, as
ould be expeted from Fig. 4. In view of the numerial diulties in determining the en from a
searh of periodi orbits (f. the remarks after Fig. 3), the agreement is very satisfatory for all
n ≥ 7.
This is in itself a remarkable result, beause we are not aware of any analytial results for bifur-
ation energies (or bifuration values of any haotiity parameter) in non-integrable Hamiltonian
systems, exept for the oupled two-dimensional quarti osillator (see [10, 23℄). In the present
ase, the bifuration energies en an be related to the eigenvalues of the Lame equation. These
an, in priniple, be given by innite ontinued frations [26℄, but their determination is hereby
only possible numerially by iteration, whih beomes even less aurate than the numerial so-
lution of trM⊥A(en) = +2 as done in [10℄. The analytial expressions (33) therefore represent an
important ahievement of this paper.
C. Asymptoti evaluation of trM⊥R,L(e) for e→ 1
For the stability traes of the R and L orbits we need, as mentioned in Se. IIIA 2 above, to
know the diagonal elements of the full monodromy matrix M, i.e., the elements Xii(t = T ) with
i = x, y, x˙, y˙. Sine the equations (19) ouple all 16 elements of X(t), this is still a onsiderable task.
It an, however, be simplied onsiderably in the asymptoti limit e→ 1. First, we an make use
of the frozen y motion approximation (in short: frozen approximation, FA) introdued in Refs.
[9, 10℄. It exploits the fat that near the bifuration energies en at whih the R and L orbits are
born, their motion in the y diretion is lose to that of the bifurating A orbit and, for inreasing
energy e, hanges only very little. It an be shown (f. [23℄ and Se. IV below) that this may
orrespond to the rst order in a perturbative expansion in the parameter e− en, valid to leading
order in the small quantity 1 − en. Seond, we an exploit some symmetry relations between
the elements of M if the initial point at t = 0 for the alulation of X(t) is hosen as the upper
turning point in the diretion of the A orbit, i.e., its maximum along the y axis. These symmetry
relations are derived in Se. B 1; their main onsequene is that we only need to alulate the
4×4 submatrix of Xij(t) with spatial indies i, j = x, y, and that we have the asymptoti equality
trM⊥R,L ≈ 2Myy for e → 1, see (B23). As shown below, these symmetry relations an be used
also beyond the FA, and only in order to simplify them some properties of the FA will be exploited
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in our further derivations.
With these approximations, the alulation of trM⊥R,L(e) proeeds similarly as that of
trM⊥A(e) disussed in the previous setion; its details are presented in Appendix B. The an-
alytial result is given in (B46) in terms of assoiated Legendre funtions. After their expansion
in the asymptoti limit e→ 1 we obtain the result
trM
(as)
⊥R,L(e) = 2∓ cRL(γ)
(e− en)
(1− en) , (e ≥ en → 1) (34)
where the − and + sign belongs to the R and L orbits, respetively. The slope funtion cRL(γ)
is found analytially to be
cRL(γ) =
4
√
1 + 2γ
sinh[2π
√
1 + 2γ]
cosh
(π
2
√
48γ − 1
)
. (35)
Eq. (34) has exatly the funtional struture of the empirial GHH fan formula (13). Math-
ematially, it holds asymptotially in the limit en → 1 to leading order in the small parameter√
1− en. We emphasize that this result onrms also the numerial nding that, for large enough
n (pratially, for n > 8) the funtions trM⊥R,L(e) are linear in e from en up to at least e = 1.
In Fig. 5 we show by rosses the values of cRL(γ), evaluated numerially from the stability of
the R and L orbits at e = 1, as a funtion of γ. The solid line shows the analytial result (35).
In the lower part of the gure, we show the region of small γ. The urve cRL(γ) goes through
zero with a nite slope whih an easily be found by Taylor expanding (35) after the replaement
cosh (π
√
48γ − 1/2)→ cos (π√1− 48γ/2). The slope at γ = 0 beomes
c′RL(0) =
d
dγ
cRL(γ)
∣∣∣∣
γ=0
=
48π
sinh (2π)
= 0.56320942 . (36)
This value is found analytially [11℄ from a semilassial perturbative approah, in whih the
term γ x2y of the Hamiltonian (1) is treated as a perturbation. Using the perturbative trae
formula given by Creagh [27℄ one an extrat the stabilities of the R and L orbits whih in this
approah are reated from the destrution of rational tori (see [11℄ for details). To rst order in
the perturbation, one obtains exatly the orret linear approximation to cRL(γ), with the slope
(36), shown in the lower part of Fig. 5 by the dotted line [28℄.
The theoretial value of cRL(1) = 6.18199717 agrees very well with the value d = 6.183± 0.001
that was found from the numerial stabilities of the Rn and Ln′ orbits in the standard HH potential
(γ = 1) for 9 ≤ n, n′ ≤ 13, evaluated at e = 1.
Our result (34) obeys a known slope theorem for pithfork bifurations [14, 29, 30℄. It states
that the slope of trM⊥(e) of the new orbits born at the bifuration point en equals minus twie
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that of the parent orbit. Speially in the present system, it says
d
de
trM⊥R,L(en) = −2 d
de
trM⊥A(en) . (37)
We an easily obtain the slopes of trM⊥A(e) at e = en from the asymptoti result for trM
(as)
⊥A (e)
given in (30). By its Taylor expansion around the asymptoti bifuration energy e∗n given by (33),
we nd up to rst order in e− e∗n
trM
(as)
⊥A (e) = 2± cA(γ)
(e− e∗n)
(1− e∗n)
+O
[
(e− e∗n)2
(1− e∗n)3/2
]
. (38)
The alternating sign of the linear term is + for the R and − for the L type orbit bifurations
and thus opposite to that in (34). The slope funtion cA(γ) is found to be
cA(γ) =
∣∣∣∣ ddTA trM(as)⊥A (TA, γ)
∣∣∣∣
TA=eTA(e∗n)
= 2
√
1 + 2γ
√
|F˜A(γ)|2 − 1
=
2
√
1 + 2γ
sinh[2π
√
1 + 2γ]
cosh
(π
2
√
48γ − 1
)
, (39)
where |F˜A(γ)| is given in (A31) and T˜A(e) in (12). Note that cA(γ) does not depend on the
bifuration energy e∗n sine trM
(as)
⊥A (TA, γ) is a periodi funtion of TA. Comparing Eqs. (35) and
(39), we see that cRL(γ) = 2cA(γ) so that the theorem (37) is, indeed, fullled with the orret
sign.
IV. PERTURBATIVE EVALUATION OF trM⊥R,L(e) NEAR e = 1
Here we present an iterative perturbative approah for the alulation of the stability trae of
the new orbits born at the bifuration energies en of the A orbit for the GHH Hamiltonian (1),
taking R orbits as example. This approah an be useful for Hamiltonians for whih we do not nd
symmetry properties like those given in (B17) and (B18), whih allowed for a non-perturbative
alulation of the stability traes.
As the small perturbation parameter we introdue the available energy above the bifuration
point
ǫ = e− en , (40)
whih is always positive. The x and y oordinates of the new orbits, labeled xpo and ypo, and
the relevant elements of their monodromy matries, all as funtions of time t, an be expanded in
powers of small perturbation parameter ǫ:
ypo(t) = yA(t) + ǫ y
(1)
po (t) + . . . , xpo(t) = upo
[
x(0)po (t) + ǫ x
(1)
po (t) + . . .
]
, (41)
Xii(t) = X
(0)
ii (t) + ǫX
(1)
ii (t) + . . . , Xij(t) = upo
[
X
(0)
ij (t) + ǫX
(1)
ij (t) + . . .
]
(i 6= j) , (42)
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where i, j = x, y. The supersripts (m) indiate in an obvious manner the power ǫm at whih the
orresponding terms appear at the m-th order of the expansion. The normalization onstants upo
of xpo(t) are given by
uR =
√
e− en
3
, uL =
√
e− en
3(1 + 2γy2)
. (43)
Note that they both are proportional to
√
ǫ, so that xpo(t) goes to zero in the limit e→ en. The
solution of the equations (B21) with the initial onditions (B22) for the stability trae trM⊥R,L(e)
using the perturbative expansions (41) and (42) is presented in the Appendix C for the ase of
the R type orbits. The alulation for the L type orbits is ompletely analogous. The asymptoti
result for trM⊥R(e) is given in (C10).
We now ompare the non-perturbative result (B42) and the perturbative approximation (C10)
for the stability traes trM⊥R,L(e) with numerial results. Fig. 6 shows by solid lines the asymp-
toti analytial results (B42) for the ase γ = 1. They form the HH fans with their linear energy
dependene of trM⊥R,L(e) around e = 1, interseting at the values trM⊥R,L(1) − 2 = ∓cRL(1)
with cRL(1) ≈ 6.182 for the R and L type orbits, respetively. As seen from this gure, they
beome approximately symmetri with respet to the line trM⊥ = +2, starting from n = 9 in
good agreement with the numerial results [10℄. Note that the linear dependene of trM⊥R,L(e)
(B42) is obtained up to terms of relative order
√
1− en. The perturbative result for the R type
orbits (C10) is shown by the dashed lines, in good agreement with the analytial result (B42)
already for n ≥ 9.
For further omparison with numerial results, we dene the slope parameter
dn = |trM⊥R,L(e = 1)− 2| , (44)
evaluating trM⊥R,L at the barrier (e = 1) for a given orbit Rn or Ln born at the bifuration energy
en. As shown in Se. III C and Appendix B 2, this parameter tends to the asymptoti limit cRL(γ),
given in (35), for n→∞.
Tab. II shows the slope parameter dn (44) for 7 ≤ n ≤ 20, evaluated for γ = 1 in various
approximations; in the left part for R type orbits (odd n) and in the right part for L type orbits
(even n). dann in olumns 3 and 7 are the non-perturbative analytial results from (B42), d
sa
n
in olumn 2 represents the perturbative semi-analytial result (C10) for the R orbits, and dnumn
in olumns 5 and 9 are the numerial results [10℄. Columns 4 and 8 ontain dnum∗n obtained
numerially from solving the equations of motion (3) and (4) for the periodi orbits with using the
FA initial onditions (B12) and (B19) at the top turning point (B1), and Eqs. (19) at t = T for the
monodromy matrix elements. This approximation is in good agreement with the full numerial
results for large enough n, the better the larger n, as seen from omparison of the 4th and 5th (and
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the last two) olumns in Tab. II. The bifuration energies for n ≥ 12 were taken analytially from
Tab. I. For smaller n, they were obtained by numerially solving equation trM⊥A(en) = 2 with a
preision better than |trM⊥A(en)− 2| ∼< 10−9. As seen from this Table, one has good agreement
of the asymptoti behavior of dn of the perturbative d
sa
n and even better analytial results d
an
n
as ompared with these numerial alulations. It should be noted also that the slope parameter
(44) of the perturbative approah (C10) within the FA, see (C1), even without the orretion (C4)
to the periodi orbit yA(t), is in rather good agreement with the numerial results presented in
Tab. II, espeially for asymptotially large n, with a preision better than 5%. However, the seond
orretion in (C10) above the FA improves essentially the slope parameter (44) in this asymptoti
region. As noted above, the asymptoti values of the perturbative dsan and the non-perturbative
dann , as well as the numerial FA result for d
num∗
n , all onverge suiently rapidly to the asymptoti
analytial number cRL(1) = 6.18199717 given by Eq. (35), in line with the analytial onvergene
found above from (B46).
Fig. 7 shows good agreement between the analytial (B42), semi-analytial (C10) and numerial
solving the GHH equations (3), and (4) for lassial periodi orbits and (19) for the monodromy
matrix with FA initial onditions for L12 and R13 as examples. Both these urves agree very
well with the asymptoti analytial slopes cRL(γ) within a rather wide interval of γ even for not
too large n of the orbits mentioned above. This omparison is improved with inreasing n, the
better the larger n, whih gives a numerial onrmation of the analytial onvergene of the
trM⊥R,L(e, γ) (B42) to the asymptoti cRL(γ) (35) at the barrier e = 1 for any γ. For larger γ,
one needs larger n in order to obtain onvergene of all the ompared urves.
V. SUMMARY AND CONCLUSIONS
In this paper we have investigated the bifuration asades of the linear A orbit in a lass of
generalized Henon-Heiles (GHH) potentials. We were able to derive analytial expressions for the
stability traes trM⊥A(e) of the A orbit and trM⊥R,L(e) of the R and L orbits bifurating from it
as funtions of the energy, whih are asymptotially valid for energies lose to the saddle at e = 1,
i.e., in the limit where the bifurations energies en approah the saddle: en → 1. Our results
onrm analytially the empirial numerial properties of the Henon-Heiles fans that are formed
by the asymptotially linear intersetion of the funtions trM⊥R,L(e) at e = 1, as given in Eq. (34).
We found good agreement of our alternative non-perturbative and perturbative asymptoti results
for trM⊥R,L(e) with the numerial results. As a bonus, we have also obtained asymptotially exat
expressions for the bifuration energies en of the A orbit in the GHH system, given in Eq. (33).
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Our results an be interpreted in the sense that the non-integrable, haoti GHH Hamiltonian
beomes approximately integrable loally at the barrier, i.e., for e = 1.
Both our approahes may be useful, also for more general Hamiltonians, for semilassial al-
ulations of the Gutzwiller trae formula for the level density [4℄, extended to bifuration asades
with the help of suitable normal forms and orresponding uniform approximations [3, 29℄. A nor-
mal form with uniform approximation for two suessive pithfork bifurations has been derived
and suessfully applied to the HH system in [12℄. In future researh, we hope to generalize the
normal form theory to innitely dense bifuration sequenes with the help of the results of [12, 13℄
and the theory of Fedoryuk [31, 32℄. Hereby the HH fan phenomenon for the stability traes
might be useful.
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Appendix A: ASYMPTOTIC EVALUATION OF trM⊥A(e) FOR e→ 1
To obtain the stability matrix M⊥A for the orbit A, we have to solve the linearized equation of
motion (15) for small perturbations around the orbit in the perpendiular diretion. Sine the A
orbit moves along the y axis, we have q = x, p = x˙ and (15) beomes (3) whih is already linear in
x. We thus nd M⊥A from the non-periodi solutions of (3) with small initial values x0 = x(t = 0),
x˙0 = x˙(t = 0). Let us denote these solutions by x(t; x0, x˙0). The elements of M⊥A (we omit the
subsript ⊥A for simpliity) are then given by
Mqq = lim
x0→0
x(TA; x0, 0)
x0
, Mqp = lim
x˙0→0
x(TA; 0, x˙0)
x˙0
, (A1)
Mpq = lim
x0→0
x˙(TA; x0, 0)
x0
, Mpp = lim
x˙0→0
x˙(TA; 0, x˙0)
x˙0
. (A2)
We ould not nd exat analytial solutions of (3) using the exat funtion yA(t) (6) for the
A orbit, for whih (3) beomes the Lame equation. Only at the bifuration energies en, one of
its solutions is a periodi Lame funtion whih has known expansions [22℄. For the non-periodi
solutions, no expansions ould be found in the literature. We an, however, solve (3) if we instead of
the exat yA(t) use the approximation y˜A(t) given in (27), whih beomes exat in the asymptoti
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limit e → 1, and for whih (3) an be redued to the Legendre equation as shown below. We
proeed separately for the two time intervals 0 ≤ t ≤ t2 and t2 ≤ t ≤ TA, as speied after (25):
a) 0 ≤ t ≤ t2: Solve the equation
x¨1(t) + [1 + 2γY1(t)] x1(t) = 0 , (A3)
with the initial onditions
x1(0) = x0 = 0 , x˙1(0) = x˙0 → 0 , (A4)
and obtain x1(t2).
b) t2 ≤ t ≤ TA: Solve the equation
x¨2(t) + [1 + 2γY2(t)] x2(t) = 0 , (A5)
with the initial onditions
x2(t2) = x1(t2) , x˙2(t2) = x˙1(t2) , (A6)
and obtain x2(TA).
To do so, we transform equations (A3), (A5) by dening the following variables:
z1 = z , z2 = z − 2K(κ) . (A7)
Then, the equations (A3), (A5) an be written ompatly as:
d2
dz2
xi(zi) + [B + A tanh
2(zi)] xi(zi) = 0 , (i = 1, 2) (A8)
where
B =
6(1 + 2γy1)
(y3 − y1) , A =
12γ(y2 − y1)
(y3 − y1) . (A9)
We next go over to the new variables
si = tanh(zi) . (i = 1, 2) (A10)
Then (A8) is transformed into the Legendre equation:
(1− s2i )
d2
ds2
xi(si)− 2si d
ds
xi(si) +
[
ν(ν + 1)− µ
2
1− s2i
]
xi(si) = 0 , (i = 1, 2) (A11)
with
µ = i
√
A +B , ν = (−1 + i√4A− 1)/2 . (A12)
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The Legendre equation (A11) has the solution
xi(si) = C1iP
µ
ν (si) + C2iQ
µ
ν (si) , (i = 1, 2), (A13)
where P µν (s) and Q
µ
ν (s) are the assoiated Legendre funtions of rst and seond kind, respetively,
with real argument −1 ≤ s ≤ +1 (see [19℄). The initial onditions (A6) for x2(s2) have the form
x2(−sK) = x1(sK) ,
(dx2(s2)
ds2
)
s2=−sK
=
(dx1(s1)
ds1
)
s1=sK
, (A14)
where
sK = tanhK(κ) = tanh(aκTA/2) . (A15)
Solution (A13) of equation (A11) for i = 1 with the initial onditions (A4) yields the following
expressions for the oeients C11 and C21:
C11 = x˙0D
µ
ν (sF )Q
µ
ν (sF ) , C21 = −x˙0Dµν (sF )P µν (sF ) , (A16)
with
sF = tanhF (ϕ, κ) , D
µ
ν (sF ) =
[
aκ(1− s2F )W µν (sF )
]−1
. (A17)
Here W µν (sF ) is the Wronskian
W µν (s) ≡W{Qµν(s), P µν (s)} = Qµν(s)
d
ds
P µν (s)− P µν (s)
d
ds
Qµν (s) . (A18)
Analogously, we solve equation (A11) for i = 2 with the initial onditions (A14) and obtain for
C12 and C22 the following expressions:
C12 = x˙0D
µ
ν (sF )
a1Q
µ
ν(sF ) + a2P
µ
ν (sF )
W µν (sK)
, (A19)
C22 = x˙0D
µ
ν (sF )
a3Q
µ
ν(sF ) + a4P
µ
ν (sF )
W µν (sK)
. (A20)
The oeients ai here are:
a1 = Q
µ
ν (−sK)
d
ds
P µν (sK)− P µν (sK)
d
ds
Qµν (−sK) ,
a2 = Q
µ
ν(sK)
d
ds
Qµν (−sK)−Qµν (−sK)
d
ds
Qµν(sK) ,
a3 = P
µ
ν (sK)
d
ds
P µν (−sK)− P µν (−sK)
d
ds
P µν (sK) ,
a4 = P
µ
ν (−sK)
d
ds
Qµν (sK)−Qµν (sK)
d
ds
P µν (−sK) . (A21)
19
Using x2 in (A13) at t = TA and (A19), (A20) for the oeients C12, C22, we obtain the following
expression for Mpp dened in (A2):
Mpp = [W
µ
ν (sF )W
µ
ν (sK)]
−1
[
a1Q
µ
ν (sF )
d
ds
P µν (sF ) + a2P
µ
ν (sF )
d
ds
P µν (sF )
+ a3Q
µ
ν (sF )
d
ds
Qµν (sF ) + a4P
µ
ν (sF )
d
ds
Qµν (sF )
]
. (A22)
To alulate Mqq dened in (A1), we solve equations (A3), (A5) with the initial onditions
x1(0) = x0 → 0 , x˙1(0) = x˙0 = 0 , (A23)
and then take into aount the ondition (A6). Using the same steps as for Mpp, we obtain Mqq
in the following form:
Mqq = − [W µν (sF )W µν (sK)]−1
[
a1P
µ
ν (sF )
d
ds
Qµν (sF ) + a2P
µ
ν (sF )
d
ds
P µν (sF )
+ a3Q
µ
ν (sF )
d
ds
Qµν(sF ) + a4Q
µ
ν (sF )
d
ds
P µν (sF )
]
. (A24)
Using the following expliit expression for the Wronskian (A18),
W µν (s) =
1
(s2 − 1)
Γ(1 + ν + µ)
Γ(1 + ν − µ) , (A25)
we now nd for the sum of Mqq and Mpp
trM⊥A(e) = 2 (s
2
K − 1)
Γ(1 + ν − µ)
Γ(1 + ν + µ)
[
Qµν(−sK)
d
ds
P µν (sK)− P µν (−sK)
d
ds
Qµν (sK)
]
. (A26)
Note that the energy dependene omes through the quantities µ, ν given in (A12) and sK in
(A15) via the turning points yi(e) given in (9). As must be expeted, the result (A26) does not
depend on the initial point y0.
We reall that the result (A26) has been obtained using the approximation (27) for the funtion
yA(t), whih is based on the asymptoti expression (25) for the Jaobi ellipti funtion sn(z, κ),
valid in the limit κ→ 1. We an therefore simplify the above result by taking asymptoti limits,
valid for e → 1, of the quantities appearing in (A26). Sine we have omitted the next-to-leading
orretion to (25), it is onsistent to keep only the leading asymptoti terms. (An evaluation of
all next-to-leading order orretions would lead outside the sope of this paper.)
Using the asymptoti forms of the Legendre funtions through hypergeometri series (f. [19℄,
Eqs. 8.704, 8.705, and 8.737), we obtain for the leading term in (A26) the intermediate result
trM⊥A(e) ≈ 2Re
(
e−aκTAµFA
)
, (A27)
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where the funtion FA(γ) is dened by
FA(γ) =
µπ
sin2(µπ)
Γ(1 + ν + µ) sin[(ν + µ)π]
Γ(1 + ν − µ) Γ2(1 + µ) = |FA(γ)| e
iΦA(γ) . (A28)
Here the period TA and the quantities aκ in (8), and µ, ν given in (A12) still depend on the energy
e. Now, for e → 1, all quantities in (A27) exept TA(e) have nite limits, easily found from the
limiting turning points y1 → −1/2, y2 → 1, y3 → 1. In partiular, we get the limits:
aκ → 1/2 , µ→ 2i
√
1 + 2γ , ν → 1
2
(
−1 + i
√
48γ − 1
)
. (e→ 1) (A29)
The limit of FA(γ) will be denoted by F˜A(γ) and its limiting phase by Φ˜A(γ)
FA(γ) → F˜A(γ) = |F˜A(γ)| eieΦA(γ) . (e→ 1) (A30)
Its modulus an be given analytially as
|F˜A(γ)| =
√
cosh(4π
√
1 + 2γ) + cosh(π
√
48γ − 1)√
2 sinh[2π
√
1 + 2γ]
. (A31)
We disuss only positive values of γ here; for γ < 1/48, the funtion cosh (π
√
48γ − 1) beomes
equal to cos (π
√
1− 48γ). The phase Φ˜A(γ) is dened through Eqs. (A28) and (A30); it turns out
to be negative for all γ > 0.
Using the above limits, we nally get from (A27) the asymptoti expression for trM⊥A(e) given
in Eqs. (29) and (30) of Se. III.
Appendix B: ASYMPTOTIC EVALUATION OF trM⊥R,L(e) FOR e→ 1
As mentioned in Se. IIIA 1, the stability matrix M⊥ of a periodi orbit in a two-dimensional
system is found by linearization of the equations of motion in the phase-spae variables ξ⊥ = (q, p)
transverse to the orbit. For the R and L orbits, whih have urved shapes that are only known
numerially above their bifuration energies, we have no way of determining the variables (q, p)
analytially. We are therefore fored to evaluate the diagonal elements of the full monodromy
matrix M, in order to nd trM⊥ = trM−2 for these orbits. For their alulation, we exploit some
symmetry relations whih are valid when the starting point at t = 0 of a periodi orbit is hosen
to be the upper turning point in the diretion of the A orbit, i.e., along the y axis:
y(t = 0) = ymax , x(0) = 0 . (B1)
We rst present these relations for the A orbit and then for the R and L orbits.
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1. Symmetry relations for elements of monodromy matrix M
a. Diagonal elements for A orbit
For the straight-line librating orbit A, we have r‖ = y, r˙‖ = y˙, and hene we may apply
immediately (24). For the alulation of the elements Mxx and Mx˙x˙, we note that the dierential
equations for Xxx(t) and Xx˙x˙(t) ontained in (19) deouple for the A orbit. Writing them at
the time t = T , where T is the period of the A orbit, they an be ombined into the following
seond-order dierential equations for Mxx(T ) and Mx˙x˙(T ) as funtions of the variable T :
d2
dT 2
Mxx(T ) + Vxx(T )Mxx(T ) = 0 , (B2)
d2
dT 2
Mx˙x˙(T ) + Vxx(T )Mx˙x˙(T ) = Vxxy(T )Mxx˙(T ) y˙A(T ) , (B3)
where the subsripts of V denote its orresponding (suessive) partial derivatives. With the
speial hoie of the starting point (B1), whih for the A orbit beomes yA(0) = y2, see (6),
we have y˙A(0) = y˙A(T ) = 0 and the two equations for Mxx(T ) and Mx˙x˙(T ) beome idential.
For solving them uniquely, two boundary onditions are suient. Sine both quantities beome
unity at bifurations, may we hoose two suessive periods T = Tn = T (en) and T = 2Tn at the
bifuration energy e = en to impose the boundary ondition
Mxx(Tn) = Mx˙x˙(Tn) = 1, Mxx(2Tn) = Mx˙x˙(2Tn) = 1 . (B4)
This ensures the uniqueness of the solutions, so that we obtain the result
M(A)xx = M
(A)
x˙x˙ , (B5)
whih holds at arbitrary periods T and hene at arbitrary energies e.
b. Diagonal elements for R and L orbits
For the R orbits born at the suessive bifuration energies en, we have r‖ = x, r˙‖ = x˙ at the
starting point (B1), while y is the oordinate perpendiular to the orbit and one may apply (24).
To obtain the elements Myy and My˙y˙ of the R orbits at the starting point (B1), we may use the
frozen approximation (FA) for the y motion of these orbits (f. [9, 10℄) whih is taken to be that
of the A orbit, yR(t) ≈ yA(t), so that the starting point is at ymax = y2. This orresponds stritly
to the lowest order of the perturbation expansion in the small parameter ǫ = e − en. Then, the
veloity vx of their x motion lose to e = en is proportional to
√
e− en as given in (B12) below.
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For the funtions Myy(T ) and My˙y˙(T ), equations analogous to (B2) and (B3) hold, but with the
subsripts x, x˙ and y, y˙ exhanged and y˙A replaed by x˙R, T now being the period of an R orbit;
boundary onditions analogous to (B4) apply. Hene we an onlude that in the limit e → 1,
where ǫ = e − en beomes small, the following approximate symmetry relation holds for the R
orbits:
M(R)yy ≈ M(R)y˙y˙ . (e→ 1) (B6)
For the L orbits, the situation is slightly more diult: their upper turning point does not
lie on the y axis, nor do they reah or leave their turning point in the x diretion. However,
the x oordinate at the turning point is proportional to
√
e− en lose to their bifuration energy
en. Furthermore, the oordinate system (x, y) an be rotated suh that the L orbits move in the
rotated x diretion at their upper turning points, and the diagonal elements ofM are not hanged
under this rotation. Thus, the relation (B6) is, to leading order in ǫ = e− en, also found to hold
for the L orbits:
M(L)yy ≈ M(L)y˙y˙ . (e→ 1) (B7)
. Relations of diagonal to non-diagonal elements
Other symmetry relations an be obtained by taking the variational (partial) derivatives of the
energy onservation equation at t = T :
H [x(T ), y(T ), x˙(T ), y˙(T )] = E , (B8)
with respet to the initial variables, e.g., y(0) and y˙(0). Dierentiating (B8) in y(0) and y˙(0) and
applying the denition of the monodromy matrix elements (18), one has
Vx Mxy + Vy Myy + x˙Mx˙y + y˙My˙y = Vy,
Vx Mxy˙ + Vy Myy˙ + x˙Mx˙y˙ + y˙My˙y˙ = y˙, (B9)
where
Vx =
∂V
∂x
= x(1 + 2γy), Vy =
∂V
∂y
= y(1− y) + γx2, (B10)
aording to the GHH Hamiltonian (1). All oeients in front of the monodromy matrix elements
are taken at the periodi orbit under onsideration: x ≡ xpo(T ) = xpo(0), y ≡ ypo(T ) = ypo(0), et.
From (B9) at the starting point (B1) for the R orbit, whih in the FA is yR(0) = y2, xR(0) = 0,
one nds with y˙R(0) = 0
Myy = 1− vx
V2
Mx˙y, Myy˙ = −vx
V2
Mx˙y˙, (B11)
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where
vx = x˙(0) ≈
√
e− en
3
, V2 = y2(1− y2) ≈
√
1− en
3
, (B12)
see (B10). The results in (B12), as well as all approximate relations given below, are valid in the
FA in the limit e, en → 1 (with e > en) and are orret to leading order in
√
1− en. From this
one obtains the two approximate symmetry relations
M
(R)
x˙y ≈ M(R)x˙y˙ , M(R)yy˙ ≈
vx
V2
M(R)yx . (B13)
The rst relation follows from the idential dierential equations for the funtions Mx˙y(T ) and
Mx˙y˙(T ) at the turning point (B1) of the R orbits:
M¨x˙y(T ) + [1 + 2γyR(T )]Mx˙y(T ) = −2γ x˙R(T )Myy(T ) ,
M¨x˙y˙(T ) + [1 + 2γyR(T )]Mx˙y˙(T ) = −2γ x˙R(T )My˙y˙(T ) , (B14)
aording to (B6), and their zero initial values at e = en. The seond symmetry relation in (B13)
an be proved diretly through their denitions (18),
Myy˙
Myx
=
δx(0, e)
δy˙(0, e)
=
(
δx(0, e)/δe
δy˙(0, e)/δe
)
e→en
, (B15)
where we write expliitly the energy dependene of the trajetory {x(t, e), y(t, e)}po owing to the
initial onditions besides of the time dependene onsidered above. By employing the ondition
at the R top point, we nd
y˙R(T (e), e) ≡ 0 = y˙R(T (en), en) + (e− en)
[
y¨RT
′(en) +
∂y˙R(T, en)
∂e
]
. (B16)
We used here the y equation of motion (4) in order to obtain the derivative in the denominator
of the r.h.s. in (B15). For the derivative in the numerator we may use the FA near the saddle
energy, δx(0, en)/δe = x˙(0)T
′(0), beause the main energy dependene is oming through the
period T (e) in the argument of xpo(T, e). Finally, from (B11) and (B13) one arrives at two other
useful approximate symmetry relations
M(R)yy ≈ 1 +M(R)yy˙ ≈ 1 +
vx
V2
M(R)yx . (B17)
In an analogous way, from (B9), one diretly derives the following symmetry relations for the L
orbits aounting for their dierent initial onditions at the top (turning) point, y˙L(0) = x˙L(0) = 0,
yL(0) = y2, xL(0) = x2 (f. [10℄),
M(L)yy ≈ 1 +M(L)y˙y ≈ 1−
V1
V2
M(L)xy , (B18)
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where
V1 = x2(1 + 2γy2), x2 ≈
√
e− en
3(1 + 2γy2)
, V2 = y2(1− y2) + γx22 ≈
√
1− en
3
, (B19)
where the FA has been used.
Other symmetry relations between monodromy matrix elements an be obtained in a similar
way. In partiular, one obtains the following struture of the stability matrix for both R and L
orbits,
M⊥R,L =
(
Myy Myy˙
My˙y My˙y˙
)
R,L
≈
(
Myy Myy ∓ 1
Myy ± 1 Myy
)
R,L
, (B20)
where the upper sign holds for R and the lower for L orbits.
All approximate symmetry relations (B6), (B11), (B13), (B17) and (B18) and the struture
(B20) of the stability matrix have been heked by expliit numerial alulations, solving (19)
in the FA with the given starting onditions. They beome the more aurate the loser the
bifuration energies en are to the saddle energy e = 1.
In onlusion, we need not alulate those three quarters of the matrix X(t) in whih the indies
x˙ or y˙ appear. The oupled dierential equations for the remaining elements of X(t) are
X¨xx(t) + [1 + 2γypo(t)] Xxx(t) = −2γ xpo(t) Xyx(t) ,
X¨yx(t) + [1− 2ypo(t)] Xyx(t) = −2γ xpo(t) Xxx(t) ,
X¨yy(t) + [1− 2ypo(t)] Xyy(t) = −2γ xpo(t) Xxy(t) ,
X¨xy(t) + [1 + 2γypo(t)] Xxy(t) = −2γ xpo(t) Xyy(t) , (B21)
to be solved with the initial onditions
Xxx(0) = Xyy(0) = 1 , X˙xx(0) = X˙yy(0) = 0 ,
Xxy(0) = Xyx(0) = 0 , X˙xy(0) = X˙yx(0) = 0 . (B22)
In the equations (B21), the funtions ypo(t) and xpo(t) desribe the y and x motion of the periodi
R and L orbits, respetively, born at the bifurations.
By using the relations (24) for r‖ = x, r˙‖ = x˙ and (B6), (B7), one has the stability matrix trae
of M⊥ for the R and L orbits,
trM⊥ ≈ 2 [Xxx(TA) + Xyy(TA)]− 2 = 2 (Mxx +Myy)− 2 = 2Myy , (B23)
where TA is the period of A orbit, TA = TA(e), taken in the FA at the bifuration energy, e = en,
Mij = Xij(TA) (Mxx = 1).
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2. Analytial asymptoti expressions for trM⊥R,L(e)
To solve the system of equations (B21), we have to speify the funtions xpo(t). In the asymp-
toti limit e→ 1, we an use the FA in whih ypo(t) ≈ yA(t). The stability equation for the R and
L orbits then is
x¨po(t) + [1 + 2γyA(t)] xpo(t) = 0 , (po = R,L) (B24)
with the initial onditions xR(0) = 0, x˙R(0) = vx and xL(0) = x2, x˙L(0) = 0. As disussed in
[10℄, (B24) with the exat yA(t) given in (6) is the Lame equation, whose periodi solutions are
the periodi Lame funtions. However, for e → 1 we may replae the sn funtion in (6) by its
asymptoti form given in (25):
yA(t) ≈ y1 + (y2 − y1)s2(t), s(t) = tanh [aκt−K(κ)] , (B25)
and transform the equation (B24) to the Legendre equation (A11), replaing si → s and xi(si)→
xpo(s), with s(t) given in (B25). We then obtain the xpo(t) in terms of the Legendre funtions as
xR(t) = vx Φ+ (sK , s)/(aκW+) , xL(t) = x2Ψ+(s,−sK)/W+, (B26)
where
Φ±(s, s1) = Q
µ±
ν± (s)P
µ±
ν± (s1)− P µ±ν± (s)Qµ±ν± (s1), (B27)
Ψ±(s, s1) =
[
Qµ±ν± (s)
d
ds
P µ±ν± (s1)− P µ±ν± (s)
d
ds
Qµ±ν± (s1)
]
(s21 − 1) (B28)
for the ase of low plus index (minus will be used below). Here Qµ±ν± (z) and P
µ±
ν±
(z) are the
same Legendre's funtions, as in Set. A, sK is given by (A15), respetively. The onstants W±
independent of s is related to the Wronskian (A18), (A25) by
W± = (s
2 − 1) W µ±ν± (s) =
Γ (1 + ν± + µ±)
Γ (1 + ν± − µ±) (B29)
with
µ± = i
√
A± +B±, ν± =
1
2
(−1 + i
√
4A± − 1), (B30)
A+ =
12γ (y2 − y1)
(y3 − y1) , B+ =
6(1 + 2γ y1)
(y3 − y1) . (B31)
A− = −12(y2 − y1)
(y3 − y1) , B− =
6(1− 2y1)
(y3 − y1) . (B32)
The solutions (B25) and (B26) are approximately periodi, the better the loser to the barrier
energy. Note that in their derivations, we found more onveniently to use the initial onditions at
t = TA for R and t = 0 for L orbits. All energy-dependent quantities, µ± and ν± given in (B30),
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κ and aκ in (8), as well as sK in (A15), are taken at the bifuration energy e = en like TA in this
approximation.
For alulation of the trM⊥R,L (B23) through the symmetry relations (B17) and (B18), one
has to derive the non-diagonal monodromy matrix elements Myx = Xyx(TA) and Mxy = Xxy(TA).
Negleting the right-hand sides of the rst and third equations in (B21) and substituting their
solutions
X(0)xx (s) = Ψ+(s,−sK)/W+, X(0)yy (s) = Ψ−(s,−sK)/W−, (B33)
into its seond and forth equations, where the right-hand sides already ontain small vx ∝
√
e− en
(B12) and x2 ∝
√
e− en of (B19) near the barrier, one nds for the solutions of the last two
equations for Xyx(t) and Xxy(t), up to higher-order terms in the parameter
√
1− en,
Xyx(t) =
2γ
aκW−
∫ t
0
dt1 xpo(t1) Φ−(s, s1) X
(0)
xx (s1), (B34)
Xxy(t) =
2γ
aκW+
∫ t
0
dt1 xpo(t1)Φ+(s, s1) X
(0)
yy (s1), (B35)
see (B28) for Ψ±(s, s1) and (B27) for Φ±(s, s1), with the same relation of t and t1 to s and s1
through s(t), see (B25), as explained above. In these derivations, we used the same transformation
of equations of system (B21) to the Legendre form (A11) via s = tanh(z) like above.
With the help of (B34) for Myx = Xyx(TA), (B17) for Myy of R, and (B35) for Mxy = Xxy(TA),
(B18) for Myy of L orbits, and the periodi-orbit expressions (B26), by using the new variable s(t)
of (B25) in (B34) and (B35), one obtains
trM⊥R(e) = 2− 4γ (e− en)
3a3κ V2W−W
2
+
∫ sK
−sK
ds
1− s2 Φ+ (sK , s) Φ− (sK , s) Ψ+(s,−sK),
trM⊥L(e) = 2− 4γ (e− en)
3a2κ V2W−W
2
+
∫ sK
−sK
ds
1− s2 Ψ+ (s,−sK) Φ+ (sK , s) Ψ−(s,−sK). (B36)
All fators, exept for e− en, on right of (B36) an be onsidered at the bifuration energy e = en
for en → e → 1. We negleted here, as in previous subsetions of this Appendix, orretions of
higher order in the small quantity
√
1− en.
The integrals in (B36) an be taken analytially by simplifying their integrands with the approx-
imation for the funtions Φ−(sK , s) (B27) and Ψ−(s,−sK) (B28) with indies −, ν−(e) → −4
and µ−(e)→ −2 valid well in the limit e→ 1, see (B30) and [19℄,
Φ−(sK , s) ≈ Γ W−
60 (1− s2K)
P−23 (s), Ψ−(s,−sK) ≈ −
sKΓ W−
30 (1− s2K)
P−23 (s), (B37)
where the indies − appear only through a smooth energy-dependent oeient,
Γ =
Γ (−µ− − ν− − 1) (ν− + µ− + 1)
Γ (µ− − ν− − 1) (ν− − µ− + 1) , (B38)
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and Γ(e) tends to 120 smoothly at e → 1, see (B38) and (B30). Notie that the ontribution of
the orretion [19℄ to this approximation is negligibly small for the alulation of this integral,
being of relative order
√
1− en. Therefore, within the approximation (B37), the integrals over s
in (B36) are redued to the sum of several standard indenite integrals of the produts of two
Legendre's funtions with weight s and indies ν = ν+ and µ = µ+ of (B30) [33℄,∫
ds sLµν(s)L
µ
ν (s) = RLLνµ (s) = ℵ1Lµν(s)L
µ
ν (s)− ℵ2
[Lµν(s)Lµν+1(s) + Lµν (s)Lµν+1(s)]
− ℵ3Lµν+1(s)Lµν+1(s), (B39)
where Lµν and L
µ
ν are any pair of the Legendre funtions from the set P
µ
ν , Q
µ
ν ,
ℵ1 = µ
2 − (ν + 1)(ν + s2)
2ν(ν + 1)
, ℵ2 = (ν + 1)(µ− ν − 1)s
2ν(ν + 1)
, ℵ3 = (µ− ν − 1)
2
2ν(ν + 1)
. (B40)
The strong energy dependene of trM⊥(e) (B23) is oming through the W−(e) or 1−s2K(e) whih
tend both to zero for e→ 1 via the approximate key relations
W−(e) ≈ −35
√
3(1− e)
441 Γ
, 1− s2K(e) ≈
√
1− e
27
, (B41)
see (B29) for W−, (B30) for µ− and ν− [19℄. The key point of our transformations is to remove
indeterminay zero by zero by idential anellation of the singular fator W−(en) near the saddle
from the denominators and that of the funtions (B37) with indies − in the numerators of the
integrands. Then, another onstant singular fator 1 − s2K an be taken o the integrals. Thus,
after suh simple algebrai transformations with help of (B37) and (B39), from (B36) one obtains
trM⊥R,L(e) = 2± γ ζRL(en) (e− en)
(
1− s2K
){DPPνµ (sK)Qµν (sK) ddsQµν (−sK) +DQQνµ (sK)
× P µν (sK)
d
ds
P µν (−sK)−DPQνµ (sK)
[
Qµν (sK)
d
ds
P µν (−sK) + P µν (sK)
d
ds
Qµν (−sK)
]}
, (B42)
where
ζRL(e) =
√
8sK b1(e)
3W+V 22 (e)
{
1/sK for R
2aκ for L
}
, (B43)
b1(e) =
1
6a6κW
3
+
(
Γ
120
)2
sK
(1− s2K)2
≈ 288
W
3
+(1− e)
, (B44)
DLLνµ (s) = RLLνµ (s)−RLLνµ (−sK), (B45)
at s = sK with the indies +, regular in the onsidered limit, µ = µ+ and ν = ν+. Note that
the derivatives of the Legendre funtions on the right of (B42) are approximately proportional to
1/(1 − s2K), aording to the reurrene relations for the Legendre funtions with indies + of
(B30) [19℄, and therefore, the produt of the fator 1−s2K by the expression in gure brakets is a
28
smooth funtion of the energy en near the saddle as well as W+, see (B29) and (B30). Therefore,
the strongest energy dependene near the saddle is oming only from the oeient ζRL(e) (B43).
By making use of asymptoti expressions (B44) for b1(e) and (B12) for V2(e) through (B43) for
ζRL in the limit en → 1, up to higher order terms in small parameter
√
1− en, from (B42) we
arrive at the result
trM⊥R,L(e) = 2± γ 24(e− en)
1− en
1− s2K
W
2
+
{
DPPνµ (sK)Qµν(sK)
d
ds
Qµν (−sK) +DQQνµ (sK)P µν (sK)
× d
ds
P µν (−sK)−DPQνµ (sK)
[
Qµν(sK)
d
ds
P µν (−sK) + P µν (sK)
d
ds
Qµν (−sK)
]}
. (B46)
Using the asymptoti forms of the Legendre funtions in gure brakets through hypergeometri
series (f. [19℄, Eqs. 8.704, 8.705, and 8.737), like for the derivation of trM⊥A(e) (A27), we may
expand the funtion sK in (B46) in the small parameter 1− sK(en) ∝
√
1− en, see (B41), in the
limit en → 1. Up to higher terms of relative order
√
1− en, we then obtain the asymptoti result
for trM
(as)
⊥R,L(e) given in (34), orretly desribing the GHH fans, with the slope funtion cRL(γ)
given in (35).
Appendix C: PERTURBATIVE CALCULATION OF trM⊥R,L(e) NEAR e = 1
1. Frozen approximation (FA) for the periodi orbits
Within the FA, we set ypo(t) ≈ yA(t) (f. Se. III C). In order to nd Myy of (B23) for trM⊥,
we solve the system of equations (B21) for Xyy(t) and Xxy(t), with the initial onditions (B22),
iteratively by exploiting the smallness of their r.h. sides. Substituting expansions (41) and (42) into
these equations at zero and rst order in ǫ, respetively, and then solving them for the monodromy
matrix element Myy = Xyy(TA), one obtains
Myy = 1 + (e− en) M(1)yy,1(en). (C1)
The rst term is given by Myy(en) = 1 at order zero of the perturbation sheme, see (B11). For
the oeient M
(1)
yy,1(en) in the linear term of (C1) for the R type orbits, one nds
M
(1)
yy,1(en) = −γ2b1(en) I(1)yy,1(en), (C2)
where b1(e) is given by (B44),
I
(1)
yy,1(en) =
∫ sK
−sK
ds s Φ+(sK , s)
{
Qµν (sK)
[
Qµν(s)DPPνµ (s)− P µν (s)DPQνµ (s)
]
− P µν (sK)
[
Qµν (s)DPQνµ (s)− P µν (s) DQQνµ (s)
]}
, (C3)
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DLLνµ is the matrix (B45). For L orbits, one has similar derivations. All quantities on the r.h.s. of
(C3) are taken at the bifuration energy e = en. In these derivations, the double integrals were
redued to single integrals through simple algebrai transformations with the help of (B37) and
(B39), aneling the singular multiplier W−, see (B41), from the denominator with that in the
numerator funtions (B37) in the integrand near the saddle, like in Appendix B 2.
2. Corretions to the FA
The results (C1)-(C3) an be improved muh beyond the FA by taking into aount the next-
order terms in the expansion (41) of ypo(t). We then nd more exat solutions to (4). For instane,
for the R orbits we get xR(t) = uR x
(0)
R (t) and yR(t) = yA(t) + ǫ y
(1)
R (t), whih obey the initial
onditions y
(1)
R (0) = 0 and y˙
(1)
R (0) = 0, whereby
y
(1)
R (t) =
γ
3a2κW−
∫ s
−sK
ds1
1− s21
[
x
(0)
R (t1)
]2
Φ−(s1, s) (C4)
with the relations s = s(t) and s1 = s(t1) of (B25). By making use of this solution and the
orresponding more exat expansion (42) for Xyy(t) of the problem (B21) and (B22), one nds
orretion to trM⊥R(e). For these more exat alulations, we have to extend (C1) to the omplete
solution for Myy, olleting all leading orretions of rst order in ǫ,
Myy = 1 + (e− en)
[
M
(1)
yy,1(en) + M
(1)
yy,2(en)
]
, (C5)
where
M
(1)
yy,2(en) =
2
aκW−
∫ TA
0
dt2X
(0)
yy (s2) Φ−(sK , s2) y
(1)
R (t2) (C6)
with (C4) for y
(1)
R (t2). After a hange of the integration variable from t2 to s2 = s(t2) of (B25)
in (C6) and using expression (C4) for y
(1)
R (t2), we may use the same approximations (B37), with
the help of (B33) for X
(0)
yy (s2), to perform analytially the integral in (C4) in terms of elementary
funtions. Finally, after aneling identially the singular fator W− and another singular fator
1− s2K from the remaining integral, like in Appendix B 2, see (B41), one arrives at
M
(1)
yy,2(en) = −γ b2(en) I(1)yy,2(en), b2(en) =
1
2
Γ W+b1(en), (C7)
where
I
(1)
yy,2(en) =
∫ sK
−sK
ds
Φ2+(sK , s)
1− s2
{
P−23 (s) [FQ(s)− FQ(sK)]
− Q−23 (s) [FP (s)− FP (sK)]
}
, (C8)
30
FQ(s) = 1
5760
{
30s− 118s3 + 210s5 − 90s7 − 15
[
ln
(
1 + s
1− s
)
+ 192s4FP (s) ln
(
1 + s
1− s
)]}
, FP (s) = 1
192
(
6s4 − 8s6 + 3s8) . (C9)
Taking into aount both energy orretions in (C5) with (C2) and (C7), we transform (C5)
for trM⊥R into the asymptoti result
trM⊥R(e) = 2− 2(e− en)
[
γ2 b1(en)I
(1)
yy,1(en) + γb2(en)I
(1)
yy,2(en)
]
+O
[
(e− en)2
(1− en)1/2
]
. (C10)
Similar expression for the stability trae trM⊥L(e) an easy obtained for the L orbits. As seen
from (C7) and (B44), b2(en) ∝ b1(en) ∝ 1/(1 − en), and the other fators I(1)yy,1(en) (C2) and
I
(1)
yy,2(en) (C8) are smooth funtions of en, as onrmed by numerial integrations in (C2) and
(C8). Therefore, both orretions in (C10) are mainly proportional to (e−en)/(1−en), i.e., linear
in the (e − en). They are both nite in the barrier limit e → 1 but numerially, the essential
ontribution to (C10) is oming from the rst FA orretion while the seond one (above FA)
is muh smaller. Note that the leading higher-order terms in the parameter ǫ (40), originating
from the next iterations in the perturbation sheme (41) and (42), an be estimated, in fat, as
of higher order in
√
1− en. Thus, the omplete sum of energy-dependent orretions in (C10)
has the same leading energy dependene ∝ (e − en)/(1 − en), up to higher-order terms in small
parameter
√
1− en, as in (34). The leading energy dependene of trM⊥(e) is thus preisely that
found expliitly in the non-perturbative result (B46) in Appendix B 2.
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Figure 1: Trae of stability matrix M⊥ of orbit A and the orbits born at suessive pithfork bifurations
in the standard HH system (γ = 1), plotted versus the saled energy e. From bottom to top: suessively
zoomed energy sale near e = 1 (from [9℄).
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Figure 2: Trae of the stability matrix M⊥ of the orbits A (heavy line), B, C, and the orbits R2m−1, L2m
(m ≥ 3) born at suessive pithfork bifurations of orbit A in the standard HH potential, plotted versus
their individual periods T . ∆T is the asymptoti period of the urve trM⊥A (TA) for large TA (from [9℄).
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Figure 3: The Henon-Heiles fans. Trae of stability matrix of primitive A orbit (solid line) and the rst
four pairs of R orbits (dashed) and L orbits (dash-dotted) in the standard HH system, plotted versus
saled energy e; the latter forming two fans for the R and L orbits.
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Figure 4: Stability disriminant trM⊥A of the A orbit in the HH potential (γ = 1), plotted versus
period TA. Solid line: numerial result (as in Fig. 2, from [9℄). Dotted line: analytial asymptoti result
trM
(as)
⊥A (TA, 1) given in (31).
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Figure 5: Upper panel: slope parameter cRL of the HH fans plotted versus the potential parameter γ.
Crosses: numerial values; solid line: the funtion cRL(γ) given in (35). Lower panel: exerpt for small
values of γ. The dotted line gives the linear approximation to cRL(γ), with the slope given in (36), as
found in a semilassial perturbative approah [11℄.
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Figure 6: Stability traes trM⊥R,L − 2 as funtions of the energy e at γ = 1. Solid lines show the
analytial expression (B42) for Rn and Ln orbits with n = 7 − 14. Dashed lines are the perturbative
results (C10) for a few R orbits as examples.
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Figure 7: Stability traes trM⊥R,L− 2 as funtions of γ for R and L orbits, respetively, evaluated at the
barrier energy e = 1. Solid lines show the analytial expression (B42) for the orbits R13 and L12; dashed
lines the asymptoti results (35) for ∓cRL(γ); dots are the perturbative results to (C10); and rosses show
the numerial results ∓dnum∗n with the FA initial onditions as in Tab. II. The bifuration energies en(γ)
are obtained analytially through Eqs. (33).
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n e∗n en
5 0.96945 52246 81049 0.96930 90904
6 0.98682 99363 40510 0.98670 92353
7 0.99918 81219 03970 0.99918 78410
8 0.99964 99405 84051 0.99964 98
9 0.99997 84203 34217 0.99997 8390
10 0.99999 06954 44011 0.99999 06955
11 0.99999 94264 13919 0.99999 9424
12 0.99999 97526 85521 0.99999 97525
13 0.99999 99847 54120 0.99999 99847 5
14 0.99999 99934 26398 0.99999 99934 3
15 0.99999 99995 94766 0.99999 99996 046
16 0.99999 99998 25274 0.99999 99998 249
Table I: Bifuration energies in the standard HH potential (γ = 1). e∗n: asymptoti values, alulated
from the analytial expressions (33) up to 15 digits with MATHEMATICA. en: numerial values
taken from [10℄.
n dsan d
an
n d
num∗
n d
num
n n d
an
n d
num∗
n d
num
n
7 4.7476 5.5863 6.1688 6.1801 8 5.7796 6.2661 6.1803
9 5.9234 6.0901 6.1800 6.1819 10 6.1209 6.1951 6.1820
11 6.1391 6.1685 6.1817 6.1820 12 6.1731 6.1841 6.1897
13 6.1750 6.1801 6.1819 6.1837 14 6.1807 6.1823
15 6.1808 6.1817 6.1820 16 6.1818 6.1821
17 6.1818 6.1820 6.1820 18 6.1820 6.1820
19 6.1820 6.1820 6.1820 20 6.1820 6.1820
Table II: The slope parameters dsan of the semi-analytial (C10) and d
an
n of the analytial (B42)
expressions vs the numerial values dnum∗n for solving (3), (4), (19) within the FA for the initial
onditions at the top point (B1) of the periodi Rn (left) and Ln (right) orbits, and d
num
n is exatly
full numerial results [10℄ (γ = 1 in all ases).
